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Abstract 

We review the construction of the multiparametric quantum group ISOq^riN) 
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An i?-matrix formulation of Uq^r{iso{N)) is given and we prove the pairing 
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define bicovariant differential calculi on ISOq^riN). 
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1 Introduction 



A noncommutative space-time, with a deformed Poincare symmetry group, is an 
interesting geometric background for the study of Minkowski space-time physics 
and, in particular, of Einstein-Cartan gravity theories P|, In this perspective it 
is natural to investigate inhomogeneous orthogonal quantum groups, their quantum 
Lie algebras and more generally their differential structure. 

In this paper we review the multiparametric i?-matrix formulation of ISOq^r{N) 
as a projection from SOq^r{N + 2) emphasizing the analogy with the classi- 
cal construction. We also show that ISOq^r{N) is a bicovariant bimodule over 
SOq^r{N), freely generated by the translation elements plus the dilatation el- 
ement associated to ISOq^r{N). We then construct and analize the universal en- 
veloping algebra Uq^r{so{N + 2)), defined as the algebra of regular functionals |1[ on 
the multiparametric homogeneous orthogonal g-groups. The projection procedure 
SOq^r{N + 2) ^ ISOq^r{N), initiated in |Q and developed in 0, ||, |], is here ex- 
ploited to obtain Uq^r{iso{N)) as a particular Hopf subalgebra of Uq^r{so{N + 2)), 
and prove that it is paired to ISOq^riN). A detailed study of Uq^r{iso{N)) and an 
i?-matrix formulation is given. In complete analogy with the ISOq^r{N) case we 
also prove that Uq^riiso{N)) is a bicovariant bimodule over Uq^r{so{N)) and give a 
basis of right invariant elements that freely generate Uq.r.{iso{N)). The universal 
enveloping algebras of the inhomogeneous quantum groups IGLg r{N), first studied 
with a different approach in can be derived in a similar way. 

The quantum Lie algebras of ISOq^r{N) are subspaces (adjoint submodules) of 
Uq^r{'i'So{N)) , and in the last section we examine two of them, obtained as "projec- 
tions" from the quantum Lie algebras of SOq^r{N + 2). The two associated bico- 
variant differential calculi are also briefly presented. The first has + 2 generators, 
and is an interesting candidate for a differential calculus on the quantum orthogo- 
nal plane in dimension A^. The second is obtained with the parametric restriction 
r = 1; in the classical limit r = g = 1 it reduces to the differential calculus on the 
undeformed ISO{N). This section does not rely on the technical parts of Section 
4 and 5; these may be skipped by the reader interested mainly in the differential 
calculi on ISOq^r{N). 

In this article, all the properties of the quantum inhomogeneous ISOq^r{N) 
group, its universal enveloping algebra and its differential calculus are derived from 
the known properties of the homogeneous "parent" structure. The main logical steps 
of this derivation are independent from the g-group considered, and the projection 
procedure may be applied to investigate more general quotients of the A,B,C,D 
g-groups, as for example deformed parabolic groups. 

2 SOq^r(N) multiparametric quantum group 

The SOq^r{N) multiparametric quantum group is freely generated by the noncom- 
muting matrix elements (fundamental representation a,b = 1, . . . A^) and the 
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unit element /, modulo the relation detg = ^ and the quadratic RTT and CTT 
(othogonality) relations discussed below. The noncommutativity is controlled by 
the R matrix: 

R'^\fT\Tf, = T'jT\R^^^, (2.1) 
which satisfies the quantum Yang-Baxter equation 

pai^i Da2Ci pf'2C2 pbici DaiC2 01262 {n n\ 

0262-"- a3C2-"' 63C3 ~ b2C2-"' a2C3-n' 0363' y^'^) 



a sufficient condition for the consistency of the ^^RTT" relations The i?-matrix 

components i?"'' depend continuously on a (in general complex) set of parameters 
qab, r. For qab = r we recover the uniparametric orthogonal group SOr{N) of ref. [|l|. 
Then Qab ^ ^ lis the classical limit for which — 5" 5^ : the matrix entries 

T"^ commute and become the usual entries of the fundamental representation. The 
multiparametric R matrices for the A, B, C, D series can be found in [|] (other ref.s 
on multiparametric g-groups are given in |1^] ) . For the orthogonal case they read 
(we use the same notations of 0): 

R""' cd = 5c5^[^ + - + (r-1 - 1)5"^'](1 - 5-^) + 5l^5'^^^5T5T , . 

where = 1 for a > 6 and Q°-^ = for a < 6; we define = and primed 
indices as a' = N + 1 — a. The terms with the index n2 are present only in the Bn 
case: = 2n + 1. The pa vector is given by: 



{Pi,--Pn) = { 



f - 1, f - 2, i, 0, -i, -f + 1) for Bn[S0{2n + 1)] 
- 1, f - 2, 1, 0, 0, -1, -f + 1) for a^[S0{2n)] 



(2.4) 

Moreover the following relations reduce the number of independent qab parameters 



qba = — ; (2.5) 
qab 



,2 ^2 



qab = = = qa'b' (2.6) 

qab' qa'b 

where ( |2.6|) also implies qaa' = r. Therefore the qab with a < 6 < y give all the g's. 

It is useful to list the nonzero complex components of the R matrix (no sum on 
repeated indices): 

a^n2 
a 7^ 712 

a ^ a' ^ b 
a > b, a' ^ b 



T^aa 

^ aa 


r, 


ryaa' 

^ aa' - 


-r-\ 


pn2n2 

712712 


= 1 


r 


Tjab 

ab — 


qab' 




jyab 

^ ba- 
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R'\.a = {r-r-'){l-r''^-'-'), a>a' 



R^^ = -(r - r-^yc^-Pb^ a>b, a'^b (2.7) 

Remark 2.1 : The matrix R is upper triangular (i.e. i?'^^ ^.^ = if [a = c and 
b < d] OT a < c) and has the following properties: 

^q,r — Rq-^,r-^ {Rq,rY^ cd = {H],r) '^^'^ a'b' ', {Rq^rY^ cd = {,Rp,rY'^ha (2.8) 

where g, r denote the set of parameters qah^f, and pab = Qba- 

The inverse R-^ is defined by {R-^Y'' cdR"'^ ef = ^l^) = R"'' cdiR'^Y'^ ef The first 
equation in ( p.8|) implies that for |g| = |r| = 1, ^ = R~^. 

Remark 2.2 : The characteristic equation and the projector decomposition of 
Rq^r, where R"'''cd = R^"'cd are the same as in the uniparametric case in 
particular the projectors read: 

Ps = —^[R + r-'l - (r-i + ri-^)Po] , Pa = —^[-R + rl-{r- r'-'')Po] , 
Po = {CabC^'Y'K , where K'^',, = C^'C^d ■ (2.9) 



Orthogonality conditions are imposed on the elements T"^, consistently with 
the RTT relations (O): 



C^^T\T'^, = rt ; CacT\T'^, = CuI (2.10) 

where the (antidiagonal) metric is : 

Cab = r-''Sab' (2.11) 

and its inverse C"^* satisfies C^^Cbc = = CcbC^"'. We see that the matrix elements 
of the metric and the inverse metric coincide: C"''' = Cab] notice also the symmetry 

Cab = Cb'a'- 

The consistency of ( |2.10| ) with the RTT relations is due to the identities: 

CabR'"" ,, = {R-Y adCfe (2.12) 

R'^^C^- = C'^ (R-T fd (2.13) 

These identities hold also for R —>■ Rr^ and can be proved using the explicit ex- 
pression ( |2.7] ) of R. We also note the useful relations 

CabR"' ,d = r'~^C,,, C^'^R'^' = r^-^C"^ , (2.14) 

and 

R-b = C"^Cec' , i?""',, = for a > c . (2.15) 
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The co-structures of the orthogonal multiparametric quantum group have the same 
form as in the uniparametric case: the coproduct A, the counit e and the co inverse 
K are given by 



A(T\) 



db 



(2.16) 
(2.17) 
(2.18) 



In order to define the quantum determinant detg^^^ "we introduce the orthogonal 
iV-dimensional quantum plane of coordinates that satisfy the g-commutation re- 
lations Pa'^^x'^x''' = 0. We then consider the algebra of exterior forms dx^, dx"^, . . . dx^ 
defined by: Ps"'''^dx^dx'^ = and Po'^^^dx^dx'^ = i.e. [use i^)]: dx^dx^ = 
-rR^^^^dx^dx^. There is a natural action 5 of the orthogonal quantum group on 
the exterior algebra (that becomes a left comodule): 

5(cix") = T"^, ® dx" ; 6{dx''dx''...dx') = T\T^ 



.r f®dx'^dx\..dx^ 



Generalizing the results of to the multiparametric case, we find that any A^- 
dimensional form is proportional to the volume form dV = dx^ . . . dx^ , so that the 
determinant is uniquely defined by: 



S{dV) 



detq^rT 



dV 



(2.19) 



/; moreover det^^^T 



Using ( |2.1CI| ) as in |TT| it is immediate to prove that [detg 
is central and satisfies A(detg,rT) = detg^r-T" ® detq^rT. 

To obtain the special orthogonal quantum group SOq^r{N) we impose also the 
/. 



relation detq^rT 



Remark 2.3 : Using formula (|2.3|) or (|2.71 ), we find that the R'^^qd matrix for the 
SOq^r{N + 2) quantum group can be decomposed in terms of SOq^r{N) quantities 



as follows (splitting 


the index A 


as A= 




a, •), with a 


= 1,- 


.N): 
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oo 




•o 




od 


•d 


CO 


c» 


cd 




oo 


r 




























o» 
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tdAB 

^ CD — 
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ob 
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—^d 

q.b 
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qao 
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y ab 

























Dab 
^ cd 



where R"^^ is the R matrix for SO 



f (r^ 



q,r 



(iv), a 



Co) and /(r) = A(l 



ah 
-2p\ 



J 

(2.20) 

is the corresponding metric, A = 
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3 ISOq^r{N) as a projection from SOq^r{N + 2) 

Classically the orthogonal group 5'0(A^ + 2) is defined as the set of all linear trans- 
formations with unit determinant which preserve the quadratic form {z^Y + {z^Y + 
...[z^^^Y equivalently, since we are in the complex plane, the quadratic form 
z^ z^^^ + z^ z^ + ...z^^^ z'^ (use the transformation {z'^+iz^')/^/2 for A < N/2 ; 

z^ — > {z^ —iz^) I \/2 for A > N/2 ; z^ unchanged for A = A'). The associated metric 
is therefore Cab = ^ab' where A, B = 0, 1, ...N + 1 and B' = N + 1- B. 

We consider the ISO{N) subgroup of SO{N + 2) defined as follows. Select the 
subset of matrices in SO{N + 2) whose components T^b read: 

T\ = T\ = T\ = . (3.1) 

The product of two such SO{N + 2) matrices gives a SO{N + 2) matrix with the 
same structure: 

T X I ■ I r x' \ = \ T-r x" I (3.2) 





V 

where x'^ = T'^,, = T° ^, 2; = T° x" = xT", + Tx' and y" = T° ^y' + yT'. These 
matrices form a subgroup of SO{N + 2). If we further set T"^ = = 1 this 
subgroup becomes ISO{N). 

The conditions (|0|) andT^^ G S0{N+2) (i.e. T^bCacT^d = Cbd , detT^^ = 
1) are equivalent to: 

T\ = T\ = T\ = , (3.3) 
T%CacT% = Cm , detT\ = 1, (3.4) 

T\ = -T\CacT\T\, T\ = -^T\CbaT\T\ , T\ = {T' ,)-\ (3.5) 

As expected, there are no constraints on x'^ = T^,. 

Remark : Classically there is an easier way to recover ISO{N), namely starting 
from SO{N + 1). At the quantum level the i?-matrix of SOq^r{N) is only contained 
in SOq^r{N + 2), see Remark 2.3. This explains why we have considered this bigger 
group. 

Since ISO{N) is a subgroup of 5'0(A^ + 2) the algebra Fun{ISO{N)) of regular 
functions from ISO{N) to C will be obtained from Fun{SO{N + 2)) as a quotient, 
whose canonical projection we name P. Let us now consider the elements T^b as 
functions on the 5'0(A^ + 2) group manifold: they define the fundamental represen- 
tation of SO{N + 2). Since Wg E ISO{N) , T\{g) = T\{g) = T\{g) = , we 
can write 

FnnilSO(N)) = ^""'^"f + ^>' (3,6) 
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where Fun{SO{N + 2)) is generated by T^b and H is the left and right ideal 
generated by the functions T°- ^ ; T' ; T' ^ . Therefore Fun{ISO{N)) is gener- 
ated by the functions P{T^b) where P is the canonical projection associated to 
H : P{T°- ^) = P{T* = P(T*o) = 0; more exphcitly it is generated by the 
elements T'^b modulo the relations (|3.3|)-(|3r5|). 



The above construction can be carried over to the quantum group level. In this 
case the elements T^b are abstract generators of S0q^r{N+2) = FuUg^riSO {N +2)) 
and we have ISOg^r{N) = Fung^r{ISO{N)) = SOq^r{N + 2)/H because the ideal 
H is a. Hopf ideal i.e. 

i) if is a two-sided ideal in Sg^r{N + 2), 

ii) if is a co-ideal, i.e. 

AN+2{H)CH^SOg^riN + 2) + SOg^r{N + 2)^H; eN+2{H)=0 (3.7) 

iii) H is compatible with k,n+2- 

f^N+2iH) C H (3.8) 

where the suffix iV + 2 refers to the costructures of SOq^r{N + 2). It should be clear 
that ISOg^r{N) is not a subalgebra, nor a Hopf subalgebra of SOg^r{N + 2); that 
is why we distinguish with a suffix between the costructures of ISOg^r{N) and of 
S0g,r{N + 2). 

Following [| the projection P : SOg^r{N + 2) ^ SOg^r{N + 2)/H is a Hopf 
algebra epimorphism, and defining the projected matrix elements t^B — P^^^b)) 
where T^b are the SOg^r{N + 2) generators, we have the: 

Theorem 3.1 The quantum group ISOg^r{N) is generated by the matrix entries 

fPiT\) P{y) 

i'(T%) P{x) j and the unity I (3.9) 




t = 

V 
modulo the "i?tt" and "Ctt" relations 

R^^EF^^ D = pt"^ eR^^cd 1 (3.10) 

C^^t^ B^^ c = C"^^ ; C Ac'l^'^ B^'" D = Cbd 1 (3-11) 

where R and C are the multiparametric i?-matrix and metric of SOg^r{N + 2), 
respectively. The co-structures are the same as in ( p.l6|) -( ^T8|) , with T^b instead 
ofT%. □□□ 

Relations (|3.10|) and (p.ll|) explicitly read: 

R^\fT\Tf, = T'^T\R'f^, (3.12) 
T\&^T\ = C"^! (3.13) 
T\CacT\ = CMl (3.14) 
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qd» 


(3.15) 


pf x'x'^ = 

A ca 


(3.16) 


Qd* 




x^v = qb,vx^ 


(3.18) 


uv = vu = I 


(3.19) 




(3.20) 




(3.21) 


Qd* 


yb = -r'T\Cacx'u 


(3.22) 


M N r,. Cf,aX U 


(3.23) 


if 2 -)- T 2 ) 



where we have set P{T° ^) = u,P(T'^) = v and, with abuse of notations, T'^ft = 
P(T"f,), X = P{x) y = P{y), z = P{z), and where qa, are complex parameters 
related by g^. = f"^ , with a' = N + 1 — a. The matrix Pa in eq. ( p.lGj) 



is the g-antisymmetrizer for the orthogonal quantum group, see (p.9| ). The last 



two relations (|3.22| ) - ( |3.23 ) are constraints, showing that the t^B matrix elements 



are really a redundant set. This redundance is necessary if we want an i?- matrix 
formulation giving the g-commuations of the ISOg^r{N) generators. Remark that, 
in the i?-matrix formulation for IGLq^r{N), all the t^^ are independent 0, ^. Here 
we can take as independent generators the elements 

T''f„x'',w,M = t;"^ and the identity / (a = l,...iV). (3.24) 

In the commutative limit g ^ l,r ^ 1 we recover the algebra Fun{ISO{N)) 
described in (B.6D. 



Note 3.1 : From the commutations (|3.2(]| ) - ( p.21| ) we see that one can set u = I 



only when g^, = 1 for all a. From g^, = r^/g^/,, cf. eq. (p2.6|), this implies also 
r = 1. 

Note 3.2 : eq.s ( ^.l(j| ) are the multiparametric orthogonal quantum plane com- 



mutations. They follow from the Rtt components and (p.23| ) 



Note 3.3 : The u,v = u ^ and a;" elements generate a subalgebra of ISOq^r{N) 
because their commutation relations do not involve the T"^ elements. Moreover 



these elements can be ordered using (|3.16| ) and ( p.20|) , and the Poincare series of this 



subalgebra is the same as that of the commutative algebra in the + 1 symbols u, 
x° [|l|. A linear basis of this subalgebra is therefore given by the ordered monomials: 
= u'°{x^yK.. {x^y^ with io e Z, ii,...iN e NU {0}. Then, using (g]T§) and 
(p.21|) , a generic element of ISOq^r{N) can be written as Oo,?, where Oj G SOg^r{N) 
and we conclude that ISOq^r{N) is a right 5'Og,r-(A^)^niodule generated by the 
ordered monomials 

One can show that as in the classical case the expressions are unique: 
Co,i = ^ ttj = V z, i.e. that ISOg^r{N) is a free right SOg^r{N)-modvL\e; 
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moreover (at least when g^, = r Va) ISOq^r{N) is a bicovariant bimodule over 
SOq^r{N). The proofs of these statements follow the same steps as those given after 
Note 5.4, and are left to the reader. Similarly, writing aiC instead of Cai, we have 
that ISOg^r{N) is the free left SOq^r{N)-modu\e generated by the C- 

4 Universal enveloping algebra Uq^r{so{N + 2)) 

We construct the universal enveloping algebra Ug^r{so{N + 2)) of SOg^r{N + 2) as 
the algebra of regular functional [|I| on SO g^r{N + 2). 

It is the algebra over C generated by the counit e and by the functionals L"^ 
defined by their value on the matrix elements T"^^ : 

L^MT%) = {R^r%n. (4.1) 

L^\{I) = 6i (4.2) 

with 

{R^)^'^BD = R^^DB 1 {R~)^^BD = {R~^)^^BD ■ (4-3) 

To extend the definition ( [4.1| ) to the whole algebra SOq.r{N + 2) we set 

L±^^(a6) = L^%{a)L^^B{h) Va, h e SOg^r{N + 2) . (4.4) 

From ( [4. 11 ), using the upper and lower triangularity of R'^ and R~ , we see that L"*" 
is upper triangular and L~ is lower triangular. 



The commutations between L'^'^^ ^^^d induced by 

Ri2L^L^ = L^L^Ru , (4-5) 

R12L2 Li = Li L2R12 , (4-6) 
where as usual the product LfLf is the convolution product LfLf = (Lf 1^ Lf)A. 

The L'^^B elements satisfy orthogonality conditions analogous to ( p.lO| ): 



C^^L^^^L^^^ = C^^e (4.7) 
CabL'^^c^'^^d = Cdc^ (4.8) 

as can be verified by applying them to the g-group generators and using (|2.12| ), 
(|2.13|) . They provide the inverse for the matrix L^: 



[{L^rVB = C^'^L^^Cbc (4.9) 

The co-structures of the algebra generated by the functionals and e are 
defined by the duality (0): 



A'(L±^^)(a ^b)= L^\{ah) = L^^ai(^)L^%{b) (4.10) 
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e\L^\) ^ L^\{I) (4.11) 

K'{L^\){a)^L^\{K{a)) (4.12) 

so that 

^\L^\) = L^%®L^^j, (4.13) 

e\L^\) = 5i (4.14) 

k\L^\) = im-YB = C'^L^^Cbc (4.15) 



From ( [4.15 ) we have that k' is an inner operation in the algebra generated by the 



functionals L^^^ and e, it is then easy to see that these elements generate a Hopf 
algebra, the Hopf algebra Uq^r{so{N + 2)) of regular functionals on the quantum 
group ^0,,,(Ar + 2). 

Note 4.1 : From the CLL relations ^'(L^^^)^^^^ = L^\k'{L^^c) = ^c^'si we 
have, using upper-lower triangularity of L^: 

L^\K\L^\) = K\L^\)L^\ = e i.e. L^\L^\, = L^\,L^\ = e (4.16) 

As a consequence detL^ = L^°oL^^iL^^2 • • • L^^j^L^* , = e. In the _B„ case we also 
have L^'^l^ = e. 

Note 4.2 : The RLL relations imply that the subalgebra generated by the 
elements L'^^j^ and e is commutative (use upper triangularity of R). Moreover, 
from ( [4.13| ) the invertible elements L'^^a also group like, and we conclude that 



[/° is the group Hopf algebra of the abelian group generated by i^^^^ and e . In the 
classical limit is a maximal commutative subgroup of SO{N + 2). 

Note 4.3 : When q^B = ^i the multiparametric i?-matrix goes into the unipara- 
metric i?-matrix and we recover the standard uniparametric orthogonal quantum 
groups. Then the functionals satisfy the further relation: 

VA, L+\L-\ = e, (4.17) 

indeed L^^^L~^^(a) = e{a) as can be easily seen when a = T^^ and generahzed to 
any a e SOq^r{N + 2) using ([4.41). In this case [Q] we can avoid to realize the Hopf 
algebra Ur{so{N + 2)) as functionals on SOr{N + 2) and we can define it abstractly 
as the Hopf algebra generated by the symbols and the unit e modulo relations 
(|3),(|;6D,(0),il), and iA3). 



As discussed in in the uniparametric case, the Hopf algebra Ur{so{N + 2)) of 
regular functionals is a Hopf subalgebra of the orthogonal Drinfeld-Jimbo universal 
enveloping algebra Uh-, where r = e^. In the general multiparametric case, relation 
([4.17[) does not hold any more. Here we discuss the generalization of ([4.17[) and 



the relation between Uq^r{,so{N + 2)) and the multiparametric orthogonal Drinfeld- 
Jimbo universal enveloping algebra f/^ . This latter is the quasitriangular Hopf 
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algebra u\^'^ = {Uh, A'^-^\ S, TZ^-^^) paired to the multiparametric orthogonal g-group 
SOg^riN + 2). It is obtained from Uh = {Uh,A,S,n) via a twist g]. uP has 
the same algebra structure of Uh (and the same antipode S), while the coproduct 
A'--^'' and the universal element TZ^-^^ belonging to (a completion of) Uh ® Uh are 
determined by the twisting element JF that belongs to (a completion of) a maximal 
commutative subalgebra of Uh®Uh- We have 

V0 G t//, , A(^)(0) = J^A(0)J^-^ ; 7^(^) = T2{R-T~^ ; TZ^^^T ® T) = Rg^r ■ 

(4.18) 

The element JF satisfies: (A^-^^ 0id)J^ = JF13JF23 , (irf® A'^-^))jF = J^i^J^u , -^"12^21 = 
/ , Tvi^viT2z = ^23^13^12 , (^ ® id)!^ = {id ® e)J^ = e , {S ® id)J^ = {id S)J^ = 
-{id 5*)^^ = -{S ® id)J^ = -{id® id)J^ = e ; we explicitly have 

HT\®T%)=Ffj, (4.19) 

where -F^jL is the diagonal matrix 



F = d^ag{J'^J'^,...J'-^) (4.20) 
\ T \ T V r 



It is easy to see that the definition of the functionals given in the beginning of this 
section is equivalent to the following one: L~^^^{a) = 7^(-^)(a®T^^) and L~^^{a) = 
'JZ(^)-\t^^ O a). From (A^-^) ® id)n = 7^l37^23 , {id ® A(•^))7^ = TZnTZu , we 
have A(-^)(L±^^) = L^%®L^^^ and therefore A^^) = A' on Uq^r{so{N + 2)). From 
{id ® S){71) = {S ® id) {71) = 7l~^ it is also easy to see that = k' on Uq^r{so{N + 
2)) and we conclude that the algebra of regular functionals Uq^r{so{N + 2)) is a 
realization [in terms of functionals on SOq^r{N + 2)] of a Hopf subalgebra of ujf^^ 
with r = e^. The generalization of ( 4.17 ) lies in ujf^^ and not in Uq^r{so{N + 2)), 



and it is given by 

VA L^\L-\ = f,{T\)r where ^^ = /,®f. (4.21) 

This relation holds with considered as abstract symbols. It can easily be checked 
when are realized as functionals: indeed L^^^L~^y^{a) = JF^(T"^^ C?) a) as can be 
seen when a = T^^ [use J-'^(T^^ ®b) = TiT^ ® h\)T(T^j^ ® 62)] and generalized 
to any a G 50,,^ (A^ + 2) using T{T^j, ® ah) = J^{T^a ® a)J^{T^A O b). 

In order to characterize the relation between the Hopf algebra of regular func- 
tionals Uq^r{so{N + 2)) and ujf^\ following [Q], we extend the group Hopf alge- 
bra f/° described in Note 4.2 to U^ by means of the elements Q i^^A = InL^"^^. 
Otherwise stated this means that in U^ we can write L'^^a = exp(£^"^^) where 
i^^A G U'. [Explicitly i^^A{T%) = ln(i?±^.^^) 5g, £±^^(J) = 0, £±^(a6) = 
e^^A{a)e{b)+e{a)i^'^A{b) and /t'(£±^A) = -^^ a ]• It then follows that belongs 
to (a completion of) U^ ® U^. The corresponding extension Uq^r{so{N + 2)) of 

In the classical limit I a are the tangent vectors to a maximal commutative subgroup of 
SO{N + 2). They generate a Cartan subalgebra of the Lie algebra so{N + 2). 
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Uq^r{so{N + 2)), defined as the Hopf algebra generated by the symbols and 
^^ modulo relations ( [4.5| )-( ^^ ) and ( ^.211 ), is isomorphic - when r = e'^ - to 
U^'^ : Lfq^r{so{N + 2)) = ujj^\ This relation holds because it is the twisted 
version of the known uniparametric analogue Ur{so{N + 2)) = Uh ||T|, pTSj . 



The elements L± [or -^{L^'^b - ^b^)] 

may be seen as the quantum analogue 
of the tangent vectors; then the RLL relations are the quantum analogue of the 
Lie algebra relations, and we can use the orthogonal CLL conditions to reduce the 
number of the generators to {N + 2){N + l)/2, i.e. the dimension of the classical 
group manifold. 

This we proceed to do; we next study the RL^L^ commutation relations re- 
stricted to these {N + 2)(A^ + l)/2 generators and find a set of ordered monomials 
in the reduced that linearly span all Uq^r{so{N + 2)). 

We first observe that the commutative subalgebra t/° is generated by (A^ + 2)/2 
elements {N even, = 2n) or (A^ + l)/2 elements (A^ odd, A^ = 2?2 + 1), for 
example i~°o, i~\ ■■■ C-~'^n- For the off-diagonal elements, we can choose as free 
indices (C, D) = (c, o) in relation ( |4.8| ), and using L~°^L^'^ = e, we find: 

L-\ = -{Co.)-'CabL-\L-\L~\ . (4.22) 

If we choose (C, D) = (o, o) we obtain 

L-\ = -{r-^Co + Co.)-'CabL-\ L-\L-\ . (4.23) 

Similar results hold for L'^° and L'^° Iterating this procedure, from CabL^^ ^L'"" ^ = 
Cdc£ we find that (with i = 2, ...N — 1) and L~\ are functionally dependent 
on and L~^j^. Similarly for L'^^j and L'^^j^. The final result is that the ele- 
ments L~°'j with J < a < J' and L^"'j with J' < a < J - whose number in both ± 
cases is ^A^(A^ + 2) for A^ even and ^(A^ + 1)^ for A^ odd - and the elements i~°o, 
"\ generate all Uq^r{so{N + 2)). The total number of generators is therefore 



-1 



1... 

{N + 2){N + l)/2. 

Notice that in this derivation we have not used the RLL relations (i.e. the 
quantum analogue of the Lie algebra relations) to further reduce the number of 
generators. We therefore expect that, as in the classical case, monomials in the 
(A^ + 2){N + l)/2 generators can be ordered (in any arbitrary way). We begin by 
proving this for polynomials in L~^^j^, L^°'j with J' < a < J, and for polynomials in 
L~\, with J <a<J' . 

Lemma 4.1 Consider the RL^L^ commutation relations 

R^^efL^^dL^^c = L^^eL^^fR^^cd ■ (4.24) 

For C ^ D they close respectively on the subset of the L^'^j with J' < a < J and 
on the subset of the with J < a < J'. For C = D they are equivalent to the 

g~^-plane commutation relations: 

[PA{J'~J+ir^,sL^'jL^'j = Q , (4.25) 
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where Pa{J' -J+l) is the antisymmetrizer in dimension J-J' + l [compare with 
( |2.9| )]. In particular 

Pf ,,L-\L-\ = (4.26) 
or equivalently [{Pa) _i -J^L -^~'^o-^~'^o = which coincide, for r — >■ and q — >■ 



q ^, with the A^-dimensional quantum orthogonal plane relations ( p.l6|) 



Proof : The proof is a straightforward calculation based on ( |2.15D and on upper 
or lower triangularity of the R matrix and of the functionals. rm 

Lemma 4.2 Uq^r{so{N)) is a Hopf subalgebra of Uq^r{so{N + 2)). 
Proof: Choosing SOq^r{N) indices as free indices in ( |4.24| ) and using upper or lower 



triangularity of the matrices, and ( ^TTf ) or (|2.20| ), we find that only SOq^r{N) 
indices appear in ( [4 .241 ); similarly for relations ( [4.6| )-( ^^ ), and for the costructures 



Now we observe that in virtue of the RL^L^ relations the elements can be 
ordered; similarly we can order the L~ using the RL~L~ relations. This statement 
can be proved by induction using that Uq^r{so{N)) is a subalgebra of Uq^r{so{N +2)) , 
and splitting the S0q^r{N+2) index in the usual way [some of the resulting formulas 
are given in (|J)-(|T|)]. 

It is then straightforward to prove that the elements L~^"j with J' < a< J can be 
ordered; indeed we can always order the L^"j L^^k with J' < a < J, K' < (3 < K and 
J ^ K since their commutation relations are a closed subset of ( |4.24| ) [see Lemma 
4.1]. Then there is no difficulty in ordering substrings composed by L~^°'j and 
L'^^j elements because ( [4.25| ) are g~^-plane commutation relations, that allow for 
any ordering of the quantum plane coordinates More in general the L^^^ and 
L"'""j with J' < a < J can be ordered because of L~^\L^^(^={qg^/q^^)L^^^L~^\ . 
Similarly we can order the L~^y^ and "j with J < a < J'. It is now easy to prove 
the following 

Theorem 4.1 A set of elements spanning tJq^r{so{N + 2)) is given by the ordered 
monomials 

Mon{L+''j; J' < a < j) {r°oY° {rh)"' • • • Mon{L-''j- J < a < J') (4.27) 

where po,pi,...Pn e N U {0}, n = N/2 {N even), n = {N - l)/2 (iV odd) and 
Mon{L^"j; J' < a < j) , [Mon{L^°'j; J < a < J')] is a monomial in the off-diagonal 
elements L~^°'j with J' < a < J [L~'^j with J <a < J'] where an ordering has been 
chosen. rm 

Note 4.4 Conjecture: the above monomials are linearly independent and there- 
fore form a basis of Uq^r{so{N + 2)) . 
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5 Universal enveloping algebra Uq^r{iso{N)) 

Consider a generic functional / G U q^r{so{N + 2)) . It is well defined on the quotient 
ISOq^r{N) = SOq,r{N + 2) / H if aud only if f {H) = 0. It is easy to see that the 
set H-^ of all these functional is a subalgebra of Ug^r{so{N + 2)) : if f{H) = and 
g{H) = then fg{H) = because A{H) C Sq^riN + 2) + Sq,riN + 2)®H. 
Moreover H-^ is a Hopf subalgebra of Uq^r{so{N + 2)) since if is a Hopf ideal [p!9| . 
In agreement with these observations we will find the Hopf algebra Uq^r{'>'So{N)) 
[dually paired to ISOq^r{N)] as a subalgebra of Uq^r{so{N + 2)) vanishing on the 
ideal H. 
Let 

lU = [L-^B, L+^, e] C Uq,r{so{N + 2)) (5.1) 

be the subalgebra of Uq^r{so{N + 2)) generated by L~^b, L^"'b-, L~^°o, L~^*,, 

Note 5.1 : These are all and only the functionals annihilating the genera- 
tors of H: T°- ^ , T' and T' ^ . The remaining Uq^r{so{N + 2)) generators 
L'^°b , L~^°', , do not annihilate the generators of H and are not included 

in (O). 



We now proceed to study this algebra lU. We will show that it is a Hopf algebra 
and that lU C H-^; we will give an i?-matrix formulation, and prove that lU is a 
free [/q^r('So(A^))-module. This is the analogue of ISOg^r{N) being a free SOg^r{N)- 
module. We then show that lU is dually paired with ISOq^r{N). These results lead 
to the conclusion that lU is the universal enveloping algebra of ISOq^r{N). 

Theorem 5.1 lU is a Hopf subalgebra of Uq^r{so{N + 2)). 

Proof : lU is by definition a subalgebra. The sub-coalgebra property A'{IU) C 
lU ® lU follows immediately from the upper triangularity of L~^^b- 

A'{L+\) = L+\®L+% ■ A'{L+\) = L+\®L^\ ; A'{L+',) = L+\®L+\ (5.2) 

and the compatibility of A' with the product. We conclude that lU is a Hopf- 
subalgebra because k'{IU) C IU as is easily seen using ( |4.15| ) and antimultiplica- 



tivity of k'. mn 

We may wonder whether the RLL and CLL relations of Uq^r{so{N + 2)) close 
in IU. In this case IU will be given by all and only the polynomials in the 
functionals L~^b, L~^"'b, L~^°o, L~^'m,£- This check is done by writing explicitly all 
g-commutations between the generators of IU: they do not involve the functionals 
L~^°b , L~^°', , L~^°» . Moreover one can also write them in a compact form using a 
new i?-matrix 7^i2 = £"'"2(^1), where C'^ is defined below. Similarly the orthogonal- 
ity conditions ( |4.7|) -( ^^ do not relate elements of IU with elements not belonging 
to IU. We therefore conclude 
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Theorem 5.2 The Hopf algebra lU is generated by the unit e and the matrix entries: 





L+\ I ; (5.3) 
V 

these functionals satisfy the g-commutation relations: 

Ri2C+2C^i = C+iC^2Ri2 or equivalents 7^l2£+2>C+l = £+l£+27^l2 (5.4) 

R12L2 L-y = L-y L2 R12 ; (5-5) 

7^l2£+2^^ = ^^'^^^27^l2 , (s.e) 

where 

7^l2 = i:+2(ti) that is nf^ = Rf^ ; 7^:tl = Rab and otherwise 7^^g = 
and the orthogonality conditions : 

^ Bf- A — ^ , '^AB'- C'- D — ^DC^ , ' ) 

C^^L = C^'^e ; CabL ^(jL = Cdc^ > (5.8) 

The costructures are the ones given in ( ^.13| )-( P:.15| ) with replaced by C^. 1 1 1 1 

Note 5.2 We can consider the extension lU C Ug^r{so{N + 2)) obtained by 
including the elements i^"^A i^^^A = Ini^^"^^, see the previous section). Then III 
is generated by the symbols L~^^, CJ^^ b-, C-^^a modulo the relations ( ^.4|) -( ^78D and 
( [4.21| ) [( |4.17| ) in the uniparametric case]. Equivalently, from ( |4.22| )-( |4.23| ), we have 
that lU is generated by Uq^r{so{N)), the N elements L~°-^ (satisfying the quantum 
plane relations) and the dilatation i~°o. All the relations are then given by those 
between the generators of Ug^r{so{N)) -listed in ( [4.5| )-( ^l8D , ([4.21|) with lower case 
indices- and by the following ones 

L-\L-\ = q-^L-\L-\ (5.9) 
Pff,L-\L-f, = Q (5.10) 

L-\L^\ = ^L^\L~° (5.11) 
L-\L^\ = —{R^f\fL^^,L-f^ (5.12) 

(Ido 

where i?^ is defined in ( |4.3|) . The number of generators is A^(A^ — l)/2 + + 1. 

JVote 5.3 : When g^o = f Va, then „ = L^* , , *. = L'^° o and, in complete 
analogy to (g^H), lU is generated by f/g,^(so(A^)), L^"^, L-\ and L— , = {L-\)-^. 
With abuse of notations we will consider lU generated by these elements also for 
arbitrary values of the parameters qao] this is what actually happens in lU . 
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Note 5.4 : From the second equation in ( ^.41 ) applied to t we obtain the quantum 
Yang-Baxter equation for the matrix TZ. 



Following Note 3.3, using ( ^.9|) , (|5.10|) [quantum plane relations] and then ( ^.111) 



and ( |5.12| ), a generic element of lU can be written as rj^ai where Oj G Uq^riso{N)) 
and ?7* are the ordered monomials: 1]^ = {L~° ^y°{L~^ ^Y'^ ... {L~^^y^ with io G Z, 
ii, ...In G N U {0}. Therefore lU is a right f/g,r(so(A^))-module generated by the 
ordered monomials ?7*. We now show that as in the classical case the expressions rj^ai 
are unique: rfai = ^ Oj = V i, i.e. that lU is a free right Uq^r{so{N))-mod\i\e. 
To prove this assertion we show that, at least when g^o = Va, lU is a bicovariant 
bimodule over Uq^r{so{N)). Since any bicovariant bimodule is freeQ |]14| we then 
deduce that, as a right module, lU is freely generated by the r/*. 

Theorem 5.3 Consider lU (with the parameter restriction qao = r Va) as the 
right Uq^r{so{N))-module T = {rj'^ai} [a^ G Uq^r{so{N))] generated by the ordered 
monomials rj' = {L-\Y°{L-\y\.. (L-^^Y^ with io G Z, ii, ...i^ E N U {0} . 

a) F is a bimodule with the left module structure trivially inherited from the algebra 

lU. 

b) F is a right covariant bimodule with right coaction Sr : F ^ F ® Uq^r{so{N)) 

defined by 

SnW) =r]'®e , 5R{ar^%) = A'(a)5^(r/0A'(6) . (5.13) 



c) F is a left covariant bimodule with left coaction 5l : F ^ Uq^r{so{N)) F 

defined by 

6l{L-\) = e ^ L~\ ; 5l{L-\) = L~\® L-\ (5.14) 
6L{aL-\L-P^...L-\h) ^ A'ia)5LiL-ML-^)..ML-\)A'{b) (5.15) 

where a = (o, a), f3 = (o, 6), 7 = (o, c). 

d) F is a bicovariant bimodule 

{id®5R)5L = {5L®id)5R . (5.16) 

e) F is freely generated by the right invariant elements r]^ . 
Proof : 

a) is immediate since, from Note 5.3 and Lemma 4.2, Uq^ri{so{N)) is a subalgebra 
of lU. 

^The results of apply to a general Hopf algebra with invertible antipode. This can be 
shown by checking that all the formulae used to derive the results of -they are collected in 
the appendix of hold also in the general case of a Hopf algebra with invertible antipode. 
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b) Consider the linear map 5r '■ lU —>■ lU lU defined by 

5,(L-°J = L-"„ ® e ; 5,(a) = A'(a) Va G [/g,,(so(Ar)) (5.17) 

and extended multiplicatively on all lU. This map is obviously well defined on 
Uq,r{so{N)) because it coincides with the coproduct on Uq^r{so{N)) [Uq^r{so{N)) is 
a Hopf subalgebra of lU]; it is also well defined on all lU since it is multiplicative 
and compatible with (|5.9| )-( pTT^ ). We check for example (|5.12|) with qao = r Va: 

Sr{L-\L^\) = L-\L^\®L^'^, = {R^)\fL~\L-f^®L^\ = 5r({R^)\fL^\L-f^ 

This shows that 5r : F — » F C?) Uq^r{so{N)) is well defined since F is lU seen as a 
?7g_r(so(iV))-bimodule and the actions of 6r and on F coincide. 

It is now immediate to show that F is a right covariant bimodule, i.e. that 

V ri'ai e F; {5R0id)5R{r]'ai) = {id0A')5R{r]'ai) ; {id0e')5R{ri'ai) = rfai . (5.18) 

c) We proceed as in the previous case, defining the linear map 6i : lU lU ® lU, 

5i{L-\) = L-\®L-\ ■ 5i{L-\) = L-\®L-\ ; 5i{a) = A'(a) Va G Uq,-{so{N)) 

(5.19) 

which is extended multiplicatively on all lU . As was the case for 5^-, it is well 
defined on Uq.r.{so{N)) and it is also well defined on all lU because it is multi- 
plicative and compatible with ( p.9D -( ^TT^ ). For example, the compatibility of 5i 
with relation (|5.10|) holds because P^efL'^^L''^^ = L^^ jL~°' ^P'^ cd [a consequence 
of {R)^^L^Lf = L^Lf{R)^^ and the fact that Pa is a polynomial in R and -R~^, 
see ( p.9|) ]. This is in complete analogy with the compatibility of the left coaction 
5(a:") = T"" ^® with the g-plane commutation relations. 
To prove that F is a left covariant bimodule, notice that 

{e®id)5i{L-\) = L-\ , {/\'®id)5i{L-\) = L-\®L-\®L-\ = {id®5i)5i{L-\) , 

(5.20) 

and similarly for Now since 5i{a) = A' (a) if a G Ur{so{N)), and since 6i is 

multiplicative, we have on all lU 

{e ® id)6i = id ; {A' ® id)6i = {id ® 6i)6i (5.21) 

d) The bicovariance condition ( ^.161) follows directly from: 

{id ® Sr)Si{L-\) = L'\ ® L-\ (de = {6i® id)6r{L-\) (5.22) 
{id ® 6r)6i{L-\) = e ® L-\ ^e = {6i® id)5r{L-\) (5.23) 

e) We now recall that a bicovariant bimodule is always freely generated by a basis 
of Tinvi the space of right invariant elements of F |jl^. We also know that the r^* are 
right invariant. Now, since they generate F, they linearly span Fj„^,, and since they 
are linearly independent , they form a basis of Fj„„. We conclude that F is freely 
generated by the ?7*: vi^ai = ^ a^ = Vi. i i i i 
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It is now easy to prove that the 77* freely generate lU also without the restriction 
Qao = r Va. [Hint: recall the definition of L~ as: L^\{c) = TZ^'^'^ {T"^b ® c) Vc G 
SOq^r{N +2), and use J-' E U^i^U^ to show that L^^b differs from the uniparametric 
(obtained with TZ instead of TZ'^-^^) by a factor belonging to U'^ and invertible.] 

Duality Uq^riiso{N)) ^ ISOq^r{N) 

We now show that lU is dually paired to 5*05^^(^ + 2). This is the fundamental 
step allowing to interpret lU as the algebra of regular functionals on ISOq^r{N). 

Theorem 5.4 lU annihilates H, that is lU C H-^. 

Proof : Let C and T be generic generators of lU and H respectively. As discussed 
in Note 5.1, C{T) = 0. A generic element of the ideal is given by aTb where sum of 
polynomials is understood; we have (using Sweedler's notation for the coproduct): 
C{aTb) = £(i)(a)£(2)(T)£(3)(6) = because C(2)(X) = 0. Indeed £(2) is still a 
generator of lU since lU is a sub-coalgebra of Uq^r{so{N + 2)). Thus C{H) = 0. 
Recalling that a product of functionals annihilating H still annihilates the co-ideal 
if, we also have /f/(iJ) = 0. □□□ 

In virtue of Theorem 5.4 the following bracket is well defined: 

Definition (,): IU®ISOg^r{N) — >C 

{a', P{a)) = a'{a) Va' e lU , Va G SOg^r{N + 2) (5.24) 

where P : SOg^riN + 2) SOg^r{N + 2)/H = ISOg^r{N) is the canonical projec- 
tion, which is surjective. The bracket is well defined because two generic counter- 
images of P{a) differ by an addend belonging to H. 

Note that when we use the bracket ( , ), a' is seen as an element of lU , while 
in the expression a'(a), a' is seen as an element of Ug^r{so{N + 2)) (vanishing on H). 



Theorem 5.5 The bracket ( |5.24D defines a pairing between lU and ISOg^r{N) : 



W,b' e lU , VP(a),P(fe) e ISOg,riN) 

{a'b', P{a)) = {a' ® 6', A(P(a))) (5.25) 

(a', P{a)P{b)) = (A'(a'), P(a) P(6)) (5.26) 

{K'{a'), P(a)) = (a, /t(P(a))) (5.27) 

{I,P{a))=e{P{a)) ; {a' , P{I)) = e'{a') (5.28) 

Proof : The proof is easy since lU is a Hopf subalgebra of Ug^r{so{N + 2)) and P 
is compatible with the structures and costructures of SOg^r{N + 2) and ISOg^r{N). 
Indeed we have 

(a', P(a)P(6)) = (a', P{ab)) = a\ab) = A'{a){a ® 6) = (A'(a'), P(a) ® P{b)) 
{a'b',P{a)) = a'b' {a) = (a'®6') Ajv+2(a) = {a'^b', (P®P) Ajv+2(a)) = (a'®6', A(P(a))) 
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{K\a'),P{a)) = K'{a'){a)=a'{KN+2{a)) = (a', P(/€^+2(a))) = {a',K{P{a))) 

mn 



We now recall that lU and ISOq^r{N), besides being dually paired, are free right 
modules respectively on Uq^r{so{N)) and on SOq^r{N). They are freely generated 
by the two isomorphic sets of the ordered monomials in L~° ^, L~°-^ and u, x"" 
respectively [cf. the commutations ([5.9D, ( [5.1(JD and ( |3.2(JD , ( ^.161 )]. We can then 
call lU the universal enveloping algebra of ISOq^r{N) 

Ug^r{iso{N)) = lU (5.29) 

in the same way Ur{so{N)) is the universal enveloping algebra of SOr{N) 

Note 5.5 : Given a *-structure on ISOq^r{N), the duality ISOq^r{N) ^ Uq^r{iso{N)) 
induces a ^-structure on Uq^r{iso{N)). If in particular the ^-conjugation on ISOq^r{N) 
is found by projecting a *-conjugation on SOq^r{N + 2), then the induced * on 
Uq^riiso{N)) is simply the restriction to Uq^riiso{N)) of the * on Uq^r{so{N + 2)). 
This is the case for the *-structures that lead to the real forms ISOq^r{N, R) and 
ISOq^rip + 1, n — 1) and in particular to the quantum Poincare group |T2|, H, 

6 Projected differential calculus 

In the previous sections we have found the inhomogeneous quantum group ISOq^r{,N) 
by means of a projection from SOq^r{N +2). Dually, its universal enveloping algebra 
is a given Hopf subalgebra of Uq^r{so{N + 2)). Using the same techniques differential 
calculi on ISOq^r{N) can be found. 

Projecting Woronowicz ideal 



Following Woronowicz |]T4[, we recall that a bicovariant differential calculus over 
a generic Hopf algebra A is determined by a right ideal R of A. This ideal has 
to be included in kere (i.e. its elements have vanishing counit) and must be ad- 
invariant that is, ai^(r) G -R ® A Vr G i? where cdA{r) is defined by adA{a) = 
02 ® k,a{0'i)0'3 Va G a ; the index a denotes the costructures in A and we have 
used Sweedler's notation for the coproduct. For any such R one can construct a 
bicovariant differential calculus. In the following we show that , given a quotient 
Hopf algebra A/H (with canonical projection P : A ^ A/H = P{A)), P{R) is 
a right ad- invariant ideal in P{A); therefore it defines a bicovariant differential 
calculus at the projected level. Moreover the space of tangent vectors on P{A) is 
easily found as a subspace of the tangent vectors on A. The explicit construction 
of the exterior differential d, and of the bicovariant bimodule F of one-forms is then 
straightforward. 

Theorem 6.1 If i? G keie is a right ad-invariant ideal of A then P{R) is included 
in kere and is a right ad-invariant ideal of P{A). 



18 



Proof : The only nontrivial part is ad-invariance. From adAir) = /«a('"i)'"3 ^ 
R®A \/r e R , applying P (g) P we obtain P{r2) ® P{KA{ri))P{rs) G P{R)®P{A) 
VP(r) G P(P). Now 

P(r2)®P(KA(ri))P(r3) = P{r2)®K{P{n))P{rs) = P{r)2®K{P{r),)P{r)s = cd{P{r)) 

(6.1) 

where we have used compatibility of the projection with the costructures of A 
and P{A)] k denotes the antipode in P{A) and, after the second equality, the 
coproduct of P{A) is understood. Relation (|6.1|) gives the ad-invariance of P{R)- 
VP(r) G P(P) cd{P{r)) G P(P) ® P(A). mn 

The space of tangent vectors on a quantum group P{A) is given by 0]: 
T = {x : P(A) ^ C I X linear functional, = and x(P(P)) = 0} . (6.2) 



Remark: the vector space T defined in (|6.2| ) is given by all and only those functionals 
X corresponding to elements x of the tangent space Ta on A that annihilate the 
Hopf ideal H. Indeed if x annihilates H, then x defined by x '■ A/H — > C with 
x(P(a)) = xia), VP(a) G P{A) is a well defined functional on P{A) [see (|]2|)]. 
From x(P) = we obtain x{P{R)) = i.e. x ^ T. Viceversa a functional x G T is 
trivially extended to a functional x ^ Ta- 

Recall |1^, that the deformed Lie bracket is given by [Xi,Xj]{(^) = {Xi ® 
Xj)odA{a) where XiyXj ci-re functionals on A. For the "projected" g-Lie algebra we 
have: 

Theorem 6.2 The g-Lie algebra on P{A) is a closed subset of the g-Lie algebra 
on A. 

Proof : Let Xi{H) = Xj{H) = 0. We have, using ( |6.1|) in the second equality 

te,Xi](^(a)) = iXi®Xj)ad{P{a)) = Xi®Xj{.P®P)odA{,a) = (xi®Xi)cc?A(a) = [XuXjKa) 

in particular [xi,Xj]{P{R)) = [Xi^Xj]{P) = and this proves the theorem. rm 

In virtue of Theorem 6.2 the following corollary is easily proved. 

Corollary Consider the structure constants Cij'" defined by [XijXj] = Cij'^Xk, 
where {Xi} will henceforth denote a basis of Ta containing the maximum number of 
tangent vectors vanishing on H. The subset of the structure constants correspond- 
ing to the functionals Xi that annihilate H is the set of all the structure constants 
ofP(A). □□□ 

The exterior differential related to this projected calculus is given by: 

Va G P(A) da = (xi * a)co' (6.3) 
where Xj * a = {id® Xi)^(^i ^i-iid a)* are the one-forms dual to the tangent vectors Xi 



T^ , 0; they freely generate the left module of one-forms F = {ajCj* , G P{A)}. 
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The right module structure is given by the f^j functionals, obtained applying the 
coproduct A' to the Xi- 

A = Xj ® fi + e®x^ oo'a= (f , * a)uj^ . (6.4) 

The space F of one-forms on P{A) can be studied by projecting the one-forms on A 
into one-forms on P{A). For this we introduce the projection P acting on F^ (the 
space of one-forms on A) as follows: 

Definition P : F^ ^ F (6.5) 

aiJ' ^ P{ai)u' (6.6) 

where a)* = if Xi{H) 7^ 0. We now show that P is a bicovariant bimodule 
epimorphism and that it is compatible with the differential calculi. Trivially P 
is a left module epimorphism because F^ and F are free left modules generated 
respectively by the one-forms {u;*} and {ci)*}. It is also easy to see [use ( |6.4| )] 



that Vp G F^ , Va e A -P(pa) = P{p)P{a) , which shows that P is a bimodule 
epimorphism. 

To prove that P is compatible with the exterior differentials (Ia on A and d 
on P{A), consider the generic one-form ad^b = a{xi * b)uj^ [see ( |6.3| )]; we have 
P{adAb)=P{a)P{xi * b)u'=P{a)[xi * Pib)]u' =P{a)dP{b) . 

Since the exterior differential d induces the comodule structure on F by the 
definitions: 

Finally P is a comodule homomorphism: Ai(P(p)) = {P ^ P)Ala{p) A/j(P(p)) = 
(P ® P)Aj^a{p), Vp G Ta where Ala {^ra) is the left (right) coaction of A. 

From Alai^^ = J cu* and A/j^cu* = ® M/, where M/ defines the adjoint 
representation on A, we obtain an explicit expression for Al and Ar: 

Alu' = I®uj' ■ Aroo' = uj^ O P(M/) . (6.8) 



Application: ISOq^r{N) differential calculi 

We now apply the above discussion to the quantum groups A = SOq^r{N + 2) 
and P{A) = ISOq^r{N). The adjoint representation for SOq^r{N + 2) is given by 

M^f = T^c'^^+2(r^B) , (6.9) 
and the x functionals explicitly read 

= ^r^.ifc''^ - Sie] where ^ k'{L^\)L~\, (6.10) 
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see 



151 and references therein (see also |T6[)- Decomposing the indices we find: 
1 



X b 



X o 



X b 

x\ 

X'b 

X o 

x\ 

X o 

x\ 



1 



-11 



ca 
c b 



1 



_1 /. I 



£ ca 

-\J c o 



1 



_1 /• b 



-Ifo 



1 



H ^ f 



1 



1 



— f ' 

-1 



-[/.".- 



(6.11) 
(6.12) 
(6.13) 
(6.14) 
(6.15) 
(6.16) 
(6.17) 
(6.18) 
(6.19) 



terms annihilating H 



where using Theorem 5.4 and Note 5.1 we have indicated the terms that do and do 
not annihilate the Hopf ideal H. We see that only three of these functionals, namely 
X'by X'o do vanish on H. The resulting bicovariant differential calculus 

contains dilatations and translations, but does not contain the tangent vectors of 
SOqr{N), i.e. the functionals The differential related to this calculus is given 
by ' 

Va G ISOg,r{N) da = {x\ * a)uj,'' + (x\ * a)uj.' + {x'o * (6-20) 

where uj,^, uj,* and uj,° are the one-forms dual to the tangent vectors x'b^ X'o 
X*, [n, |18[ (with abuse of notation, we omit the bar over the elements of the 
projected calculus). The g-Lie algebra is explicitly given by0 



x'oX'b - il»b) ^x'bX'o = 



cA • A ©A c 



X-y — f V V 
oA • A aA o 



-r X c 
-(l + r2^ 



% O 



q.aPT cdX'bX'a = 

A combination of the above relations yields: 



— ~ 1 

x'o + Ax-oX*. = ^z^^—x'bC'x', 



ly 2i I ry 



(6.21) 
(6.22) 

(6.23) 
(6.24) 

(6.25) 



^We thank A. Scarfone for the derivation of (6.24). 
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Notice the similar structure of eq.s (|3.23|) , ( |4.23|) and (|6.25| ). 

The bicovariant bimodule of one-forms is characterized by the functional 

Jm o ) /• o ) /• o 1 J» b 1 J» b 1 J» • 1^0. ZDJ 

that appear in the comuhiphcation of x'b^ X'o X*. [use upper (lower) triangu- 
larity of {L~)], and by the elements 

P(M-5.^) = PiT' ,K^^2iT%)) = vPiK^^^iT^)) (6.27) 

that, according to (|6.9| ) and (|6.^ ), characterize the right coaction of ISOq^r{N) on 
u,'', u,' and uj,°. They explicitly read 

P{M\,°) = P{M'J) = P{M'^,') = 

P{M\,°) = vr-^x^Ceb P{M\J) = vk{T\) P{M\,') = 

P(M-..°) = - N^. X^Cefxf PiM'J) = VKix") P{M\,') = I 

(6.28) 

Notice that only the couples of indices (•o), (•&) and (••) appear in ( |S.2(J| )-( pT^ ): 
these are therefore the only indices involved in the projected differential calculus 
on ISOg^riN). 

The functionals cannot be good tangent vectors on ISOq^r{N) because of the 
functionals appearing in ( |6.11| ): these do not annihilate H. We see however 

that lim^^i /,*° ^(q) =0 Va G SOg^r{N + 2) ; for this reason we consider 
in the following the particular multiparametric deformations called "minimal defor- 
mations" (twistings), corresponding to r = 1. 

As shown in [ITBI in the r — > 1 limit the x functionals are given by: 



X% = hm - //^s, A>B ■ x^B = lim Y /b%, A<B 

where A = r — r^^, and close on the g-Lie algebra 

X C2X B2 ~ (lBiC2(lCiBiqB2Ci(lC2B2 X B2X C2 — 

- (lB^C2<lC2B2(lB2Bi5%\ X^C2 + QCiB^qB2BiC B2C2 X^c[ + 

+ feB^g^icC^i^i x% - qB2C,SEl x% ■ (6.29) 
Not all of these functionals are linearly independent because: 

x''A' = -qABx\ ■ (6.30) 

From ( |6.30| ) we see that a basis of tangent vectors on SOq^r=i{N + 2) is given by 

{X'^B , with A + B > 7V + 1 , A,B:0 = o,l,2,...,N,N+l = »}. (6.31) 
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They define a bicovariant differential calculus on SOq^r=i{N + 2). The projected bi- 
covariant calculus on ISOq^r=i{N) is therefore characterized by the basis of tangent 
vectors 

X\ = \ira^[f,'\-S^,e] , with a + > TV + 1 ; (6.32) 

X\ = lim i/." , ; x\ = lim \ [/." . - e] , (6.33) 

indeed Theorem 5.4 assures that these functionals annihilate H, while from Note 
5.1 it is not difficult to see that the remaining functionals x". = do not 

vanish on H. The g-Lie algebra, in virtue of Theorem 6.2, is a g-Lie subalgebra of 
SOq^r=iiN + 2) . It follows that the x\ ^-commutations read as in eq. ( |6.29D 



with lower case indices: they give the SOq^r=i{N) g-Lie algebra. The remaining 
commutations are [see ( |6.29D ]: 

X%Xb2 - —<lb2c^qc2b2Xb2X% = —[Cb2C2Xc[ " ^feciXca] , (6-34) 

Qc2» Qc2» 

Xc2Xb2 - —qC2b2Xb2Xc2 = , (6.35) 
Qc2» 

X%X\ - X\X% = ' Xc2X\ - x\Xc2 = -Xc2 (6.36) 
where we have defined Xa = x'a ■ The exterior differential reads, Va G ISOq^r{N) 

da= {x\*a)na'' + {x'b*a)n,^ + {x\*a)n,' ; a + b>N + l (6.37) 
where fi^'', fl,^, and Q,* are the one-forms dual to the tangent vectors ( |6.32| ) and 



(|6.33|) . Notice that the tangent vectors x^'b Xb close on the g-Lie algebra (|6.34| ) 



( |6.35| ) and ( |6.29| ) with lower case indices. This suggests a reduction of the bi- 
covariant calculus containing only the x% and x't tangent vectors. An explicit 
formulation, in agreement with [H, is given in |TH. 



Acknowledgments 

The first author (P. A.) is supported by a joint fellowship University of California - 
Scuola Normale Superiore, Pisa, Italy and by Fondazione Angela Delia Riccia, Firenze, 
Italy. Part of this work has been accomplished through the Director, Office of Energy 
Research, Office af High Energy and Nuclear Physics, Division of High Energy Physics of 
the U.S. Department of Energy under Contract DE-AC03-76SF00098. 

Work supported in part by EEC under TMR contract FMRX-CT96-0045. 



References 

[1] L.D. Faddeev, N.Yu. Reshetikhin and L.A. Takhtajan, Algebra and Analysis, 
1 (1987) 178. 

[2] A. Connes, Publ. Math. IHES Vol. 62 (1986) 41; Non-Commutative Ge- 
ometry, Academic Press (1994); Non commutative geometry and physics. 



23 



IHES/M/93/32; S. Majid, Class. Quantum Grav. 5 (1988) 1587; Int. J. Mod. 
Phys. A5 (1990) 4689. S. Doplicher, K. Fredenhagen and J.E. Roberts, Phys. 
Lett. B 331 (1994) 33; Comm. Math. Phys. 172 (1995) 187. 

[3] L. Castellani, Comm. Math. Phys. 171 (1995) 383, and |hep-th 9312179| ; Phys. 
Lett. B327 (1994) 22 and |hep-th 9402033| . 

[4] L. Castellani, Lett. Math. Phys. 30 (1994) 233. 

[5] P. Aschieri and L. Castellani, Int. Jou. Mod. Phys. All, 1019 (1996), |hep-th 

I 9408031] . 

[6] P. Aschieri and L. Castellani, Lett. Math. Phys. 36 (1996) 197, |hep-th 9411039 . 

[7] M. Schlieker, W. Welch and R. Weixler, Lett. Math. Phys. 27 (1993) 217. 

[8] A. Schirrmacher, J. Phys. A24 (1991) L1249. 

[9] N. Reshetikhin, Lett. Math. Phys. 20 (1990) 331. 

[10] A. Sudbery, J. Phys. A23 (1990) L697; D.D. Demidov, Yu. I. Manin, E.E. 
Mukhin and D.V. Zhdanovich, Progr. Theor. Phys. Suppl. 102 (1990) 203; 
A. Schirrmacher, Z. Phys. C 50 (1991) 321; D.B. Fairlie and C.K. Zachos, 
Phys. Lett. B256 (1991) 43. C. Fronsdal and A. Galindo, Lett. Math. Phys. 
34 (1995) 25. 

[11] G. Fiore, J. Phys. A27 (1994) 3795. 

[12] E. Celeghini, R. Giachetti, A. Reyman, E. Sorace, M. Tarlini, Lett. Math. 
Phys. 23 (1991) 45. 

[13] J. Ding, LB. Frenkel, Commun. Math. Phys. 156, (1993) 277. 

[14] S.L. Woronowicz, Commun. Math. Phys. 122, (1989) 125. 

[15] B. Jurco, Lett. Math. Phys. 22 (1991) 177; see also in : Proceedings of the In- 
ternational School of Physics ''Enrico Fermi", Varenna 1994, Course CXXVII: 
Quantum Groups and their Applications in Physics, ed.s L. Castellani and J. 
Wess, lOS/Ohmsha Press, 1996. 

[16] P. Aschieri and L. Castellani, Int. Jou. Mod. Phys. All, 4513 (1996), 
I 9601006] . 

[17] P. Schupp, P. Watts and B. Zumino, Commun. Math. Phys. 157 (1993) 305. 

[18] P. Aschieri and P. Schupp, Int. Jou. Mod. Phys. All (1996) 1077, 

I alg/9505023| . 

[19] M.E. Sweedler, Hopf Algebras, Benj amin. New York (1969). 

[20] E. Abe, Hopf Algebras, Cambridge University Press (1977). 



24 



